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Based on the geometry of entangled three and two qubit states, we present the connection bet- 
ween the entanglement measure of the three-qubit state defined using the last Hopf fibration and 
the entanglement measures known as two- and three-tangle. Moreover, the generalization of the 
geometric representation of four qubit state and a potential entanglement measure is studied using 
sedenions for the simplification of the Hilbert space S^^ of the four qubit system. An entanglement 
measure is proposed and the degree of entanglement is calculated for specific states. The difficulties 
of a possible generalization are discussed. 

PACS numbers: 03.65.Ta, 03.65.Ud, 03.67.Mn 



I. INTRODUCTION 



Quantum entanglement can be understood as a physi- 
cal resource associated with the nonclassical correlations 
between separate quantum systems. Many current in- 
vestigations in Quantum Mechanics are directed toward 
essential questions about the nature and characterization 
of quantum entanglement. Recently, entanglement has 
gained importance in current developments in quantum 
cryptography and quantum computing. Entanglement 
measures are well understood for systems of two and 
three qubits. Nevertheless, entanglement measures for 
high dimensional systems are still a matter of research, 
including the challenging topic of multi-qubit systems 

mm- 

This investigation is focused on a geometrical ex- 
planation of entanglement between qubits using Hopf 
fibration as a helpful mathematical tool for the reduction 
of the Hilbert space of the composite system. Basically, 
a Hopf fibration is a map from a higher dimensional 
unit sphere to a lower dimensional unit sphere which 
is not nuU-homotopic. The simplest example of a Hopf 
fibration is a map from a three-sphere into a two-sphere 

in three dimensional Euclidean space ~> S^, which 
helps to define the well known Bloch sphere as the 
representation of one pure qubit. In this case, two 
complex numbers are necessary for the normalization 
condition that depends on four real parameters. These 
real numbers define a three-sphere and using the Hopf 
fibration, all the states differing by a global phase are 
identified with a unique point in the two-sphere ^] . The 
circle parameterized by a phase is called the "fibre" and 
the two-sphere is called the "base". The Hopf fibration 
between higher dimensional spheres is useful for the 
geometrical understanding of two and three qubits and 
the role of entanglement is very important from this 
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point of view [l|, Q ■ 

The normalization condition for a pure two qubit 
system depends on four complex numbers; this means 
eight real parameters that define a seven-sphere. At 
this point, it is possible to define two quaternions such 
that this normalization will be completely analogous to 
the case of a single qubit. The second Hopf fibration 
maps a seven-sphere to a four-sphere; the fibre is now a 

three-sphere and the base is a four-sphere S"^ —> S , this 
means that all the states differing by a unit quaternion 
are mapped onto the same value in the base. Usually, 
this fibration reduces the two original quaternions to 
one, but in the separable situation this quaternion 
simplifies to a complex number and the base is reduced 
to an ordinary sphere, that is, the Bloch sphere of one of 
the qubits. Therefore, the Hopf fibration can determine 
if the two-qubit state is entangled or separable [l|, . 

The next step in this iteration is the quantum system 
of three qubits, in which a visible difference appears in 
this instance because the separability among the qubits 
can be possible in two different ways: First, the three 
qubits can be separated in the subspace of a single 
qubit and the subspace of two qubits (bi-separable) ; and 
second when the three qubits are fully separated. With 
the third fibration, the Hilbert space of the three-qubit 
system, a fifteen-sphere is mapped onto an eight-sphere 

as base and a seven-sphere as fibre S^; this 

fibration is also entanglement sensitive [1] since in the 
bi-separable case the fibration maps once more into the 
subspace of pure complex numbers. The fully separated 
case is acquired from the second Hopf fibration acting 
over the fibre which can be reduced to the multiplication 
of two Bloch spheres. 

The goal of this paper is the generalization of this idea 
for four-qubit systems and an entanglement measure is 
proposed and tested for well-known states. The paper is 
organized as fallow: In section 2 we recall the work and 
results of 0, and we make the identification between 
the entanglement measure introduced in [l[ and the two 
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and three-tangle [1, 0| ■ In section 3 we give a generali- 
zation of the Hopf fibration idea for four-qubit systems 
and an entanglement measure is introduced and com- 
pared with the existing measures in literature for some 
specific states. Finally, a conclusion about a possible ge- 
neralization for the n-qubit case is discussed. 



II. GEOMETRIC REPRESENTATION OF TWO 
AND THREE QUBITS 

A. Two qubits and second Hopf fibration 

The simplest case of entanglement in Quantum Me- 
chanics is the system made up of two qubits in which the 
entanglement measures are well explained. A composite 
two qubit pure system reads 

I*) = aoo |00) + aoi |01) + |10) + an |11) (1) 

with 

aoo, ooi, aio, an G C, |aoo|^-l-|aoi|^+|aio 
and the state ([T]) is separable if and only if 
aooan — aoiaio- 



an I =1 
(2) 



(3) 



The normalization condition ^ identifies the Hilbert 
space of two qubits to a seven-dimensional sphere S"^, 
embedded in K^. The Hopf fibration formulation is a 
composition of two maps |1[ , 



hi : 

Q(g,Q 
(91,92) 

ho : 



+ {00} 
QU{c5o}«S'* 
hi = 9192^^ 



91,92 eQ (4a) 



+ {00} 
QU{c^} 



54 



(4b) 



h2ohi{qi,q2) = Xi = (a,) i = 1,2, 3, 4, 5 (4c) 

where at in (|4cp are the Pauli matrices in quaternionic 
space. The quaternions used in (|la|) are defined from the 
complex coefficients of the state j^*) in ^ as 

91 = "00 + aoii2 92 = aio -t- ani2 (5) 
such that the first part (|la|) of the whole map gives, 

, (aooaio + aoion) + (aooan - aoioio) 42 
Ill — , • (0) 

aiol +|aii| 

The value of the quaternion hi is entanglement sensi- 
tive with condition ([3]) since in the separable case hi 
is now a simple complex number. The second map 
h2 (I4bp is an inverse stereographic projection and it 



sends any two qubit state into points on with co- 
ordinates (Xi,X2,X3,X4,X5) such that YlZ^i^f = ^■ 
The inverse stereographic projection from the north pole 
(1,0,0,0,0) onto the equatorial plane leave, as a result, 
the following coordinates: 

Xi - |9i|'-|92|' 

X2 2Re(aooaio +aoian) 

X3 = 2Im(aooaio -I- aoian) 

Xi = 2Rc (aooan - aoiaio) 

X5 = 2Im (aooan - aoiaio) (7) 

When the state \'^) is separable, the coordinates X4 and 
X5 are immediately zero. Otherwise, these two coordi- 
nates have the information about the entanglement and 
they are directly related with the concurrence defined by 
Wootters fsl, since X| -I- X^ is the concurrence squared. 
In this situation, the information about the first qubit 
and its entanglement with the second qubit is stored in 
the base space S'^ and the information about the second 
qubit is in the fibre space S^. For separable states, the 
original Hilbert space simplifies to S*^ x 5*^. 



B. Tliree qubits and third Hopf fibration 

A general composite three qubit pure system is given 

by 

I*) = aooo|000)+aooi|001) + aoio|010) + aoii|011) 

-faioo |100) + aioi |101) + ano |110) + am |111) ; 
aooo , aooi, aoio, aon, aioo, aioi, ano, am e C (8) 

in this case, the normalization condition reads, 
|aooo|^ + |aooi|^ + |aoio|^ + |aoii|^ + 



|aioo|^ + |aioi|^ + |ano|^ 



|aiii| =1 



(9) 



A visible difference appears in this case in which the se- 
parability among the qubits can be possible by two diffe- 
rent ways: First, the three qubits can be separated in the 
subspace of a single qubit with basis {|0) , |1)} and the 
subspace of the other two qubits {|00) , |01) , |10) , |11)} 

I*) {a\0) + b\l))(g) 

(c|00) -hdlOl) -he|10) + /|11)) (10) 

and consequently the separability conditions are: 

aoooaioi = anoaon aoooaioo — anoaoio 
aoooam = anoaooi aooiaioi = amaon 
aooiaioo = amaoio aoioaioi = aioooon- (11) 

For the case when the three qubits are fully separated, 
two steps are needed to explain entanglement: one in 
which the three qubits are separable by ([TO)) , followed 
by the condition that the two qubit subset is separable 
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in each qubit subset and the procedure is as in section 
III Al In this situation, the normahzation condition Q 
identifies the Hilbert space of three qubits to a fifteen- 
dimensional sphere S^^, embedded in R^^. The last Hopf 
fibration formulation is a composition of the following 
two maps [H, 



il5 



(01,02) 

hi,: 



+ {00} 
5U {00} » 



h[ = 01O2 ^ 01, 02 e O (12a) 



^« + {00} 
OU {00} 



5« 



(12b) 



h[ is also sensitive to the conditions in ((TT|) , and h[ maps 
into the subspace of pure complex numbers C U 00 in the 
octonionic field O U 00 [l| . As discussed in the previous 
section, the coordinates X3, X4, X5, Xg, X7, are zero 
for separable states, and non-null for entangled states. 
These coordinates characterize the degree of entangle- 
ment of one qubit with the other two qubits and it is 
possible to define a measure E as m 



E = Xi + Xi + Xi + Xi + X;f + Xi 



i~xl-xl-xl 

(17) 

C. Relation with two-tangle and three-tangle 



h'^oh'^{oi,02)^ X,^ {g,) i = l,...,9 (12c) 
where (tTi) in p2cp are given by 



0-1 



0'2,3,4,5,6,7,8 



1 

1 

2, 3, 4, 5, 6, 7 
2, 3, 4, 5, 6, 7 

1 

-1 



(13) 



and the octonions in (|12ap are defined from the complex 
coefficients of the state \^) in ([8]). From the Cayley- 
Dickson construction: 



91 — oooo + aooi*2 

93 = fllOO + 0101*2 
Ol = <7l + 92*4 



92 — ooio + aoii*2 
94 = aiio + 0111*2 
02 = 93 + 94*4 (14) 



and the first part of the map ()12ap is Q 
/I'l (01,02) 



01O2 ^ 



Ki + K2i2 + K3H + Kiie 



|aioo| 



|aioi| 



laiiol^ + laiiil^ 



(15) 



The quantity ([T7| is directly related to an entangle- 
ment measures known as three-tangle and two-tangle 
[3, 01 • These measures depends of the hyperdeterminant 
of the tensor with coefficients (0^7,.) that define the state 
Ivt) in ([5]). For a tensor A with components aijk, this 
hyperdeterminant is defined as 



det{A) = ie'''e^"cyC/„, Ckn = ^e*'e^"a,jfca/„„ (18) 



where e in p8)) is the Levi-Civita symbol. The three- 
tangle measure gives information about entanglement 
between all three qubits {A, B, C) and is given by 



TABC = 4det( A). 



(19) 



The two-tangle measure gives the information about en- 
tanglement between one subsystem (e.g. A) and the 
other two subsystems (BC): 



K2 



aoooflioo + aooiflioi + aiiofloio + aiiiaoii 



(aiioaoii 


— aiiiooio) 


(fliiiaooi 


— aoiiOioi) 


(aiiiflooo 


— aoiiflioo)- 



TAiBC) = 4dct(pA) 
TC{AB) 



TBiCA) 4det(/9B) 
= 4det(pc). (20) 



(16) Exphcitly, 



AA t- \ "^000 + '^ooi + '^010 + '^oii aoiofliio + aoiifliii -I- aoooflioo + oooiaioi \ /oi\ 

Ta(BC) ~ 4Ciet 2|2|2|2 I \^^) 

> aoiQiiio + aoiiiiii + ooooiioo + flooiiioi ^loo + '^101 + "^iio + "^iiii / 

r 



expression (fT7|) matches perfectly with T4(sc) in (ED), obtained considering that the state |^) in ([5]) is bi- 
that coincides with the fact that expression (fT7| is 
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separable. For bi-separable states, t^(bc) Oi but 
tabc = as in the W^-states where ah 2-tangles do not 
vanish but 3-tangle is stih zero; unhke the fuUy separable 
states where all 2-tangles and 3-tangle vanish. Finally, 
when the state is maximally entangled, 2-tangles and the 
3-tangle are non-zero as GH Z-staic. 

III. GEOMETRIC REPRESENTATION OF 
FOUR QUBITS 

This section emphasizes in a possible map (as the 
Hopf fibration for two and three qubit states) that 
helps us to reduce the Hilbert space of four qubits to 
a lower space and gives an entanglement interpretation 
of this geometric illustration. For this, we continue the 
iteration of the Cayley-Dickson construction and we use 
sedenions. The real, complex, quaternion and octonion 
numbers define a division algebra. The octonions are 
the biggest division algebra since in sedenions the 
division property is lost, this is because they have zero 
divisors, that means that two non-zero sedenions can be 
multiplied to obtain a zero result. 

Mathematically, the Hopf fibration in this case does 
not exist, this tells us that the systems of one, two and 
three qubits are the only systems that accept a Hopf 
fibration interpretation To find a possible map that 
reduces the original Hilbert space of four qubits, as the 
Hopf fibrations does with the previous cases is our goal. 
The idea is to introduce a new map like a Hopf fibration 
with restrictions and study some specific examples as 
GHZ and W states. 



different ways [7| . Our interest is emphasized in the case 
when one qubit (e.g. qubit A) is separated of the other 
three, it is important to note that this case is indepen- 
dent of the qubit choice, it can be any of them. In this 
situation the pure qubit state can be written as 

I*) = {a\Q)+h\\))® 

(c |000) + d |00I) + e |0I0) + / |011) + 
5 |I00) + h |101) + m |I10) + n |111)) 

{H' + \b\') 

(|c|VM|V|e|V|/|V 

\g\' + \h\' + \m\' + \n\^) = l. (24) 

With ([24|l it is possible to find the separability conditions, 
some of them are: 

aooiofliooo = aioioQ-oooo aoiioaiioo = aiiioaoioo 

aooooaioii = aooiiaiooo--- (25) 

For the four qubits case, we expect that the information 
about the separated qubit and its entanglement with the 
other three qubits is stored in the base S^^ . Also, we 
anticipate that the information of the other three qubits 
is in the fibre S^^ and the corresponding entanglement 
analysis is possible with the fibrations studied. Similar 
to the previous cases, the possible map should be 

h'l: ^ Mi6 + {oo} 

S(»S ^ §U{oo}«S'^^ 
(si,S2) h'l = sis^^ si,S2eS (26a) 



The general pure state of four qubits is given by 
I*) =aABCD\ABCD) = 

amm 10000) + ooooi |0001) + aooio |0G10) + aoioo |0100) + 
aiooo 11000) + aooii |0011) + aoiio |0110) + anoo |1100) + 
aoioi 10101) + aiooi |1001) + amio |1010) + aoiii |0111) + 
aiiio IlllO) + aioii llOll) + anoi |1101) + aim |1111) 

(22) 

the normalization condition in this case reads 

loooool + 1^0001 r + |aooio I + |aoioo| + |aiooo| + 
|aooii|^ + |aoiio|^ + |aiioo|^ + |aoioi|^ + |aiooi|^ + 

2 2 2 2 2 

laioiol +|aoiii| + |aiiio| + |aioii| +|aiioi| + 
laiiiil' = 1. (23) 

This condition identifies the Hilbert space of four qubits 
to a S^^ e M'^^. It is important to understand that the 
entanglement of four qubits is not so simple to explain 
as we did before with three and two qubits. The diffe- 
rent ways that four qubits can be entangled are more 
complicated that the cases studied in the previous sec- 
tions. Furthermore, four qubits can be entangled in nine 



h'^ : + {oo} ^ S^^ 

§U{oo} ^ S^^ (26b) 

Koh'i{ou02)^X, = {a,) i = l,...,17 (26c) 

where {ui) in (j26cp are the Pauli matrices ti sedenionic 
space 

= ( ? ) 

( ii 15 A 

= ( J \. ) (27) 

The sedenions in (j26ap are defined from the complex coe- 
fficients of the state j^-) in This map (gB]) is not al- 
ways possible since the division property is lost for sede- 
nions, this gives us an impossibility of a broad map for a 
general four qubit pure state, and the fibre of the map is 
not clear since the multiplication of sedenions is neither 
commutative, associative nor alternative. Nevertheless, 
it is possible to construct two sedenions in which case the 
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multiplication is not null. For the Cayley-Dickson cons- 
truction it is indispensable to define eight quaternions, 
four octonions and finally two sedenions. Our construc- 
tion is given by 

Ql = CtOOOO + «0001*2 92 = flOOlO + a0011*'2 
<Z3 = flOlOO + 00101*2 94 = floiio + aoiii*2 
<Z5 — fllOOO + 01001*2 96 = fllOlO + 01011*2 

97 = oiioo + 01101*2 98 — Ohio + 0111122 

Ol = 91 + 92*4 02 = 93 + 94*4 
03 = 95 + 96*4 04 = 97 + 98*4 



Si 



01+02*8 S2= 03+0428- 



(28) 



And the possible coordinates that define the S are 

Xi = S1S2 + S2S1 

X2 = Re [zi(siS2 - S2S1)] 



and K4 are not null and the map defined (|26p is always 
possible with the sedenions defined as (pS)) and it is use- 
ful for the study of the quantum correlation of one qubit 
with the other three. The importance of lies in the 
fact that the multiplication of these sedenions is not null. 

Analogous to the last case, since the coordinates 
Xn are zero for separable states, and non-null for 
entangled states, it is possible to characterize the degree 
of entanglement of one qubit with the other three qubits 
using these coordinates, such that 



E 



^16 



i-x 



Xfrj. 



(33) 



The next step with this entanglement measure is to 
compare it with other proposed measures [1, H, H, 
and give the value of E for some known states. The 
first important thing is to note that E in ([33| is 
different from the three-tangle [ll[ defined in this case 
as 7^(300) — 4 Aei{pA) where pA is the reduced matrix 
defined as pA = Trscn \^abcd) (*ascd|, like in the 
case of three qubits. 



XiQ = Rc[2i5(siS2 - S2S1)] 

Xn = sisi - S2S2 



(29) 



Analogous to the three and two qubit cases we expect 
that this map is entanglement sensitive. Moreover, 
in the case when one qubit is separated from the other 
three, only three of the last coordinates in ([29| are not 
null. The first part of the whole map (|26ap is now 



Ci 



S1S2 ^ 



Ci + C2*4 + C^i^ + 6*4212 



195 1 



196 1 



|97| 



198 I 



(30) 



91 95 + 9692 + 9793 + 9498 



C2 


= 9295 


- 9691 - 


y- (9497 


- 9893) 


C3 


= 9395 


- 9791 - 




- 9694) 


C4 


= 9297 


- 9693 - 


^ (9891 


- 9495) 



(31) 

In the generic case, h'( is a sedenion. Nevertheless with 
some of the conditions (j25p . in which the four qubits 
are separable as one-qubit ® three-qubits, the numbers 
K2tK^ and if 4 are zero, evenmore Ki is reduced to a 
complex number, and /i" maps into the subspace of pure 
complex numbers C U 00 in the sedenionic field S U c» as 
in the last case, and it is proved that this map is also 
entanglement sensitive. 



^1 (si 7 S2) Iscparablc — 



195 1 



|96|^ + |97|^ 



e CUCX3 



198 I 



(32) 

In the separable case, Ki is always different from zero, 
so the multiplication of sedenions defined in is 
always different from zero. If the state is entangled 
(specifically one qubit with the other three), then K2, 



The entanglement degree for some known states as 
GHZ and W states is 



\GHZ) = 
1 



10000) 



mil) 



V2 



E = 1 



\W)o = ^ (1 1000) + 10100) + 10010) + 10001)) , E=- 



-- 



1 



(loiii: 



2 
1 

7q 



11011 



E : 



nil) 



IllOl) + 11110)) 
|1000) + 10100) + 10010) + 10001) 



E 



1 



= (3 10000) + 3 |1111) - 10011) - |1100) 



V27To 

+3 10101) + 3 |1010) - 10110) - |1001)), 
E = 0.6625 

The measure of entanglement of some states as GHZ- 
state has coherent results. For GHZ state E has the 
maximum value, for W states E is different from zero 
and less that one, it show us that these states are 
entangled as we expected. The state |<i>)j of (p4|) has 
the same ent ang lement degree given by A. Osterloh and 
J. Siewet in |12l | who define an entanglement monotone 
from antilinear operators, but for example their results 
for W states are zero. That differs from our results. 

For maximally entangled states (MES) the coordinates 
X^, XiQ have the maximum possible value since Xi = 
X2 = Xn = 0, then the corresponding normalization 
conditions in this case is. 



xl 



X16 



1 MES e S 



13 



(35) 



(34) 
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The MES span a thirteen-dimensional sphere. Since 
the information of one qubit is contained in 5'^^ and the 
information of the other three qubits is in S^^, it is po- 
ssible to take a subspace in S^^ defined from the coor- 
dinates {Xi, X2,Xn) such that aU the four qubits states 
are mapped onto a unit Ball B'^. The separable states 
are mapped onto the boundary and the entangled states 
inside the ball; the center of the ball represent the MES. 
The states with the same degree of entanglement are in 
the same concentric shells, it means that the radius of 
this ball is directly connected with the degree of the en- 
tanglement of the four qubit state. 

IV. CONCLUSSION AND DISCUSSION 

The Hopf fibration is a good mathematical object that 
helps us to visualize the multiple-qubit systems. Further- 



more, this point of view is entanglement sensitive since 
the base of the fibration is reduced to a lower dimen- 
sional space when the respective separability conditions 
are fulfilled. The entanglement measures defined with the 
Hopf maps match exactly with known and well defined 
entanglement measures such as concurrence and tangles 
for two and three qubit cases respectively. A new map 
is proposed for four qubit case using sedenions and an 
entanglement measure is introduced to describe the en- 
tanglement of the four-qubit state and the possibility of 
it being separable as a one-qubit (g) three-qubits. The 
generalization to n-qubit systems is nontrivial but the 
fruitfulness of this geometric interpretation gives impor- 
tant information about a possible correspondence for en- 
tanglement of higher qubit states which is a matter of 
research in current investigations e.g. [1, Q. 



[1] Bernevig B. and Chen H. D, J. Phys. A: Math. Gen 36, 

8325-8339 (2003). 
[2] Mosseri R. and Dandoloff R., J. Phys. A: Math. Gen 34, 

10243 (2001). 
[3] Miyake A., Phys. Rev. A. 67, 012108 (2003). 
[4] V. Coffman, J. Kundu and W. K. Wootters, Phys. Rev. 

A. 61, 052306 (2000). 
[5] Wotters W. K. Phys. Rev. Lett. 80, 2245 (1998). 
[6] L. Borsten, D. Dahanayake, M. J. Duff, H. Ebrahim and 

W. Rubens, Phys. Rev. Lett. 100, 251602 (2008). 
[7] F. Verstraete, J. Dehaene, B. De Moor, and H. Ver- 

schelde, Phys. Rev. A. 65, 052112 (2002). 



[8] Yan-Kui Bai, Dong Yang, and Z. D. Wang, Physical Re- 
view A. 76, 022336 (2007). 

[9] D. Liu, X. Zhao and G.L. Long, arXiv:0705.3904v4. 
[10] A. Borras, A. R. Plastino, J. Batle, C. Zander, M. Casas 
and A. Plastino, Phys. A: Math. Theor 40, 13407-13421 
(2007). 

[11] A. Wong and N. Christensen, Physical Review A. 63, 
044301 (2001). 

[12] A. Osterloh and J. Siewert, Physical Review A. 72, 
012337 (2005). 



